ON THE REGULATORS OF REAL QUADRATIC NUMBER 

FIELDS 



PARK, JEONGHO 

(3JT)[ Abstract. In this paper the abundance of real quadratic number fields 

^ . with regulators of the size 3> log 2 D is proved, examining the distribu- 

tion of quadratic integers of small norms. This is true for almost all 
fundamental discriminants in some sense. 



Introduction 

It is believed that in most cases the real quadratic number field 
has large fundamental unit Ed compared to its discriminant D. Together 
with the class number formula of Dirichlet, very convincing quantitative 
conjectures on the distribution of class numbers such as Hooley's conjecture 
also suggest that in such cases the size of regulator log Ed shall be as large 
as ^ d - In the case of fundamental discriminants D, it is proved that there 
exists c > 1 such that the inequality Ed > exp (log c D) is true for infinitely 
manyD's: see [17], [I]. Concerning the density of d's with large fundamental 

7 

unit, it is known that for almost every D one has Ed > Di~ e where e > 
is arbitrary (see the introduction of [B] and corollary 1 of [7]), and it is also 
proved by the same authors that Ed > D 3 ~ e holds for a positive density of 
D's. Concerning the density of D's with large regulator, the results up to 
now are basically dealing with log Ed ^> logD. 

This paper treats the abundance of regulators that are not too small, 
based on the interplay of continued fraction and the distribution of quadratic 
integers of given norm. In spite of its elementary flavor, the implication is a 
bit new and leads us to further researches in another direction. We denote 
by u(n) the number of distinct prime factors of n. 

Theorem 0.0.1. Let n be a square-free integer. For each positive integer 
T , let £t be a root of X 2 — TX + /i = and D the discriminant of Q(£t) 
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when £t is irrational. Let al be the maximal square-free factor of D. Then 
(i) there exists a constant C such that for almost all positive integer T 

1 L VD\ 2 ( 21og2\_ y/D 



loge d >- logV - 3-^-5- log ^—-(7 

log// ^ 2 J V log/x J 2 

Moreover, let f(N) be the number of distinct fields in {Q(£t) | 1 < T < N}. 
Then (ii) 

Hmmfffi^>2-"M 

The costant C in the theorem can be made effective; note that this im- 
proves the effective bound in [4J in case n = 1. It is obvious that an improved 
bound can be obtained for general n's using lemma 12.0.101 

1. Preliminaries 

Some of the classical results will be helpful to give a site of what has been 
known so far. Let d be a positive square-free integer and D the field dis- 
criminant of Q(\/~d). The notations L(s, x), £d, hd represent the L-function, 
fundamental unit, and class number of Q(Va) as usual. The followings are 
fairly well known. 

Proposition 1.0.2 (Dirichlet). 

"d = , 

2 log E d 

Proposition 1.0.3. 

— <L(l,x) <logD 

Under GRH this can be strengthened to 

1 



<L(l,x) <loglogD 



log log D 

(See the introduction of p3] and its references.) 

This implies that the variation of L(l,x) is negligible compared to that 
of log e d - In the same philosophy, the asymptotic behavior of h d log£d has 
been known to a precision as indicated below. 

Proposition 1.0.4 ([3], [IT]). 

log (ha logEd) ~ log VTj as D — >■ oo 
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Proposition 1.0.5 ([9], [5], [T], [H], [13]). 



/i^ loge^ ~ -x 3//2 as x — > oo ; 



where c is the Artin constant given by 



c 

p 



TT ( 1 — r 1 = 0.8815138397- •■ 



It is natural therefore to try to separate hd and log Ed in these asymptotic 
estimations, but it is only a hope at this moment. The most convincing and 
precise conjecture about the distribution of class numbers is suggested by 
Hooley who gave a series of conjectures about indefinite quadratic forms in 
0. 



Conjecture 1.0.6 (Hooley). 

0<D<4a;, i\D 



25 

hd ~ i7T^ x ( lo S x ) 2 



The other assertion of Hooley's conjecture is that in most cases, as ex- 
pected, the regulator log Ed is as large as y/d/ log 2 d. It may be said that hd 
constitutes the algebraic side of Q(yd), whereas the analytic side of Q(yd) 
would have Ed as its main block. It is a sort of misfortune at this time that 
the theory of Diophantine approximation is essentially the only ingredient 
for the latter part. 



Some of the notations need to be specified for the sequels. Throughout 
this paper \i represents a rational integer greater than 1 that is compara- 
tively small, and d a square-free positive integer which is usually considered 
to be large. Let Kd = Q(yd) and Od the ring of integers of K d , D the 
discriminant of Kd, and Ud the standard basis of Kd, namely 

f if d = 1 mod 4, 

U d = \ r- 

I v d otherwise. 

Let uid = [do, di, a 2 , ■ ■ ■ } be the simple continued fraction expansion of cud, 
I the period of u d , ^ = [a , ax,-- - , a n ] a convergent, a n+1 = [a n+1 , a n+2 , ■ ■ ■ } 

the (n+l)-th total quotient, and N(x) the usual norm of x G Q(\/d). Put 




Pn-Qn + q n u d if d = 1 mod 4 
p n + q n U!d otherwise 
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and let v n = |iV(£„)|. We say that a quadratic integer £ comes from a 
convergent to when £ is of this form. 

Recall that a quadratic irrational a is reduced if a > 1 and — 1 < 57 < 0. 
It is a classic that the continued fraction expansion of x is purely periodic 
if and only if x is reduced, and in particular y/d + [\/d\ is reduced so one 
can write Vd = \ do, eti, • • • , 2oo]. It will be shown later in a general form 
that e d = 6_i. 



2. Reduced ideals and the convergents to co d 

Following the literature of [12] , [8] and p~5] , in [17] an explicit correspon- 
dence between the set of reduced ideals of Q(\/d) and the set of reduced 
quadratic irrationals with discriminant D was given. For the sake of refer- 
ences in following sections, a short material in [17] is included here. 

Let D be the field discriminant of fQ. Put lu = D+ ^~® ' , then 1 and u form 
a Z-basis of O^. For (3i, (3 2 , • • • , /3 n G fQ, we denote by • • • , /3 n ] and 
by • • • , f3 n ) respectively the modules in generated by the elements 
over Z and over Oa- So Od = [l,u] = (1). Every integral ideal / has 
the (unique) canonical basis of the following form: I = [a, b + cu] where 
a, b, c G Z satisfying (i) a > 0, c > and ac = N(I), (ii) a = b = (mod 
c) and iV(6 + cu) = (mod ac) and (iii) —a < b + ca; < 0. Then we define 
a(I) by 

6 + cw 

a(ij = 

a 

and call «(/) the quadratic irrational associated with the ideal I. An integral 
ideal / is called reduced if c = 1 and ot{I) is a reduced quadratic irrational. 

Lemma 2.0.7. 

a ((fn)) = «n+l 

Proof. Suppose d = 2 or 3 (mod 4) so £ n = p n +q n \fd. We have p """ +1 ^ Pn ~ 1 = 
yfd, and hence 



-Pn-i + Qn-iVd 



Vn - q n Vd 

-PnPn-l + gnQn-ld + (Pngn-1 ~ Pn-lgn) Vd 
-{PnPn-l - q n q n ~ld) + (-l) n_1 \/rf 
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Under the correspondence specified above, 

a n+1 < >[u n , {-l) n {p n Pn~l - q n qn-\d) + Vd\ 

= [{Pn ~ q n ^/d){Pn + Qu^/d), ("Pn-1 + q n -l^d){Pn + q n ^d)] 

= ijpn + q n Vd) 
= (O- 

The proof is the same in the case d = 1 (mod 4), with only trifling changes 

q n u d )- □ 

Lemma 2.0.8. 

I J", e d . 

i=i 

Proof. See □ 



Lemma 2.0.9. An integral ideal I is reduced if (i) N(I) < v-D/2 and (ii) 
the conjugate ideal I is relatively prime to I . 

Proof. See [IT]. □ 
Lemma 2.0.10. For n > 

ct n+ i = h O 



q n q*VD 

Proof. The cases d = 2 or 3 (mod 4) are easier in computation, so here 

we assume d = 1 (mod 4) and hence Ud = 1+ 2 V ^ . Recall that the continued 
fraction expansion of Ud has a natural geometric interpretation on xy-pl&ne. 
Let O be the origin, A = (g n _i,p n _i), 5 = (q n ,Pn), C the intersection of 
A£> and the line y = UdX, and D = (g n ,u; d g n ). Then [AC : CB] = [a n+1 : 
1] and the area of AOAB is 1/2. Observe that the area of AOBD is 
\\iPn - q n ^d)q n \- 



We have 



— =- = l + UJd) 1 + 1 -u d ) = ±— 

Qn KVn J \q n J qt 



or 



Pn ±V S 
U d 



n 



q n q n {Pn - Qn + UdQn) 
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and therefore 

\(jp n - q n Ud)qr, 



p n / q n -l + Ud 




qn(Pn — qn+Ud<ln) 
1 



(2u} d —l)q n (p n —q n +ui d q n ) 



It follows that the area of ABCD is ^T' 1 ^" T7i (l + O (-fy) ) , and hence 

\AOBC\ = ( 1 - 1 " qn - l/q A ^(l + 0(^ 
'«n+i + q n ~i/q n s 



1 + a n+ i / 2a/^ 

But IA05CI = lAOAfil • — — - — = ttt-t— — r, which proves the lemma in 

l ll l l+a n +i 2(l+a„+i)' ^ 

case d = 1 (mod 4). When d = 2 or 3 (mod 4), exactly the same computation 
with continued fraction of Ud = y/d completes the proof. □ 

Note that any quadratic integer £ with square-free norm p gives an inte- 
gral ideal which is relatively prime to its conjugate; therefore the conditions 
of lemma 12.0.91 are satisfied by £ m if |iV(£ m )| < tua — 1. Based on these 
lemmas, the problem of fundamental units is naturally translated to the 
problem of quadratic integers of small norms. 

3. Quadratic integers of small norms 

Assume x = a + bud G Od where a, b are positive integers that are rela- 
tively prime and |iV(a;)| = p < u)d — 1. It easily follows that s ^ — cod < ^ 
(or | — cu d < ), which implies (or |) is a convergent to Ud- Recall 
that for every positive integer p there are only finitely many non-associated 
integers in Od of norm ±p. As the unit rank of Od is 1, in each class of 
these associated integers one can choose the least element among those ir- 
rational ones greater than 1. Let F^) = {£i, • • • , £t} be the set of these 

least elements, and define E^x) - 



1<X 



i n (u a:squar 



Proposition 3.0.11. If — 1 > p > 1 and p is square-free, then the 
elements of o^re of the form a + bud where ^ (or j) = [a ,ai, ■ ■ ■ ,a n ] 
and n < I, Ud = [do, ai, • • • , a>i]- 
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Proof. Clear from the best approximation property of continued fraction. 

□ 

Remark. The assertion Ed = £1-1 easily follows from this proposition and 
Lemma 12.0.101 

Theorem 3.0.12. Let \i< M <x. Then 

(i) E^x) < 2x-2 v fjl+ 0(1) 

(ii) E,(x) >2(l-^)x- (E. d<M ^) logo; + 0(1) 

Proof. Observe that every quadratic integer y of norm ±/i is a solution of the 
equation X 2 + mX ± ii = for some m G Z. The number of real quadratic 
integers y greater than 1 with trace m and norm ±/i is 2 if m > 2y / /I and 

1 if m < 2J~fi. With the expression £ = m+y /™ ± ^t. ^ e g rs ^ inequality is 
of triviality. As for the second inequality, note that such y must be of the 
form ^e k d for some £ G Fu,^) and > 0. E^(x) counts the numbers with 
k = 0, so we can simply exclude the numbers C,e d less than x with k > 1. 
But < a; if and only if /c < log ^ ~^° g - , and therefore 

tt {e^s < * i fc > i. e e ^ < ^} < ( E ^7 ) lo s x - 

\u) d <M ^ J 

Now consider uj d > M and write < x -<=>- £ < x and < |. 

Since Ud > M > fx, as mentioned at the beginning of this section £ = n£ 
for some n G N where £ comes from a convergent to and hence £ > 
2M — 1. Therefore the contribution to E^(x) from Ud > M and > 1 is 
less than the number of quadratic units in the interval (1, 2jV J_ 1 ), which is 
" -x + 0(l). "" ' □ 



2M- 

Let a(d,n) be the set of reduced integral ideals of norm fx in O^, so \F^) \ < 

\ a (d, l i)\- 

Proposition 3.0.13. Assume u>d > fx where fx is square-free. Let fi\ = 
(fx,2d) and write \i = fi\fii. Then 

2 uJ (p2) if d is a square modulo fx, d = 2 or 3 (mod 4) 

2^(^2) if d is a square modulo fx, d = 1 (mod 4), ft is odd 

2w(/i 2 )+i if d is a square modulo fx, d= 1 (mod 8), fx is even 

otherwise 

Proof. Let / G a(d,n) anc ^ wr ^ e a (F) = ^±s^. Then / is reduced if and only 
if c = 1 and a (I) > 1, -1 < a(I) < 0. 
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Suppose d = 2 or 3 (mod 4) so that a(I) = b+2d + Vd . The condition 

N(b + 2d + yfd) = (mod p) implies (b + 2d) 2 = d (mod /x), so we can write 
b = —2d + ( (mod p) where ( 2 = d (mod p). Hence if d is not a square 
modulo p there is no such ideal. The condition — p < b + coJ < implies 
6 varies in a complete system of residues modulo /x; hence if d is a square 
modulo p, the number of possible (Vs is the number of solutions to Q 2 = d 
(mod /i). For an odd prime factor p of /i, the congruence ( 2 = d (mod p) 
has two roots if p \ d and one root if p \ d. The first case easily follows from 
this. 

Now suppose d = 1 (mod 4). Then a(I) = b+d / 2 + d l 2 and in the same 

way as above we get b 2 + db + d(d — l)/4 = (mod p) where b varies in a 
complete system of residues modulo p. When p is odd, 2 is a unit modulo p 
so one can write b = — f + C (mod /x) where C 2 = i (mod /x). This proves the 
second case. When p is even, write p = 2v and consider b 2 +db+d(d— 1)/4 
I ) (mod 2) and b 2 + db + d(d — l)/4 = (mod i/) separately. The latter has 
2^(m2) solutions. The former has no solution when d = 5 (mod 8) and two 
solutions when d = 1 (mod 8), which proves the third case. □ 

4. Proof of Theorem 10. 0.11 

Now Theorem 10 . . 1 1 can be proved easily in the philosophy of Theorem3.1 
in PH. 

Proof. Let £ G where d is sufficiently large, and put L = |_log M (vT>/2)J . 

The ideals (£ e ) and (f ) of O d are reduced if p e < V^D/2 by lemma [2.0.91 
Now by lemma 12X71 12XB1 and 12.0.101 we have 



Oti 

i=l 

L L 

>n^ e ))n«((^)) 

e=l e=l 

L 

> 

e=l 



Taking logarithm, 
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L \f~D 

log£ d > V21og(^-l) 



>2j] llogv^-elog//- ( ^-1 



e=l 



The last term can be written 



-i 



L 



5U< 7 S^v 1 -^ 

L 



0(1) 



and therefore 
loge d > 2Llogv / £>-L(L + l)log//-0(l) 



> 2 



'!2i^M - , og VS - io g (^/2) f + A _ 0(1) 

log// y y log// y 



log// y 2 y v iog/i 

The assertion of 'almost all' in (i) is immediate from Theorem 13.0.121 (ii) 
follows from Theorem 13.0.121 and Proposition 13.0.131 at once too. □ 



5. Further researches 

It is natural and traditional to order the real quadratic number fields 
according to their discriminants and consider the density of fundamental 
discriminants D with large regulators based on that order. The translation 
of the problem about fundamental units to one about quadratic integers 
of small norms may seem to have an obstacle for this purpose, but by 
reformulating the problem in the philosophy of [10] a connection can be 
found. 

For 1 < // < 2n let Nf? (X) be the number of integral solutions (k,x,y) 

of 
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(5.0.1) ky 2 =1= 2fxny = x 3 =F fix 

satisfying < x < y < X. Simple numerical tests suggest that Njf' (X) 
is less than N±(X) but is not too small. This means that the square- 
free integers /i < 2n appear comparatively often among norms of reduced 
quadratic integers that come from convergents to Ud for n 2 < d < (n + l) 2 
(see [TQj ) . It shall imply that on average each continued fraction expansion 
of Vd gives rise to as many as \fd distinct reduced quadratic integers so 

that \oge d » E™ =2 (log » Vd. 
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